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Natural Convective Conjugate Cooling
Mechanism in Vertical Fins

C. Trevifio*
Universidad Nacional Autonoma de Mexico, 04510 Mexico, D.F., Mexico
E. Luna’
Instituto Mexicano del Petroleo, 07730 Mexico, D. F.,, Mexico
F. Méndez*
Universidad Nacional Autonoma de Mexico, 04510 Mexico, D.F., Mexico

and

F. J. Higuera®
Universidad Politécnica de Madrid, 28040 Madrid, Spain

An analysis is presented of the conjugate free convective heat transfer from a vertical, thermally thin fin heated
from above to the surrounding fluid. An estimate is presented of the thermal penetration length over which the
temperature of a very long fin would decrease from its maximum value at the top to the ambient temperature of
the fluid. The solution of the problem is shown to depend on two nondimensional parameters: the Prandtl number
of the fluid and the ratio s of the thermal penetration length to the actual length of the fin. The overall heat transfer
rate for thermally short fins (large s) is practically independent of the fin material, whereas it depends on the
thermal conductivity of the fin when s is small. Numerical and asymptotic results are given covering the whole

range of s.
Nomenclature
c, = specific heat of fluid
f = nondimensional stream function introduced in Eq. (8)
Gy = nondimensional temperature gradient introduced
. in Eq. (28)
Gy = nondimensional temperature gradient
defined in Eq. (51)

g = gravity acceleration
h = half-thicknessof the fin
L = length of the fin
L* = thermal penetration length defined in Eq. (1)
Nu = Nusselt number defined in Eq. (15)
Pr = Prandtl number of the fluid, voC, /A
0 = total heat flux at the top of the fin
Ra* = Rayleigh number, pcgBATL*3 /)y
Ra, = Rayleigh number based on the half-thickness of the fin
Ra; = Rayleigh number based on the length of the fin
s = ratioof L*to L
Ty = temperature at the top of the fin
T, = temperatureof the fluid far from the fin

U,V = nondimensionallongitudinal and transverse velocity
components, respectively, defined in Eq. (39)

x,y = Cartesian coordinates, longitudinal
and transverse, respectively

z = nondimensional transverse coordinate
defined in Eq. (39)

B = thermal expansion coefficient of fluid

£ = aspectratio of the fin, h/L
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n = nondimensionaltransverse coordinate

defined in Eq. (8)
0 = nondimensional temperature of fluid defined in Eq. (8)
0 = nondimensional temperature of the fin

defined in Eq. (7)

A = thermal conductivity of fluid

Aw = thermal conductivity of the fin

v = kinematic coefficient of viscosity of fluid
o = density of fluid

o = nondimensionallongitudinal coordinate

defined in Eq. (39)

X = nondimensionallongitudinal coordinate
defined in Eq. (7)
v = stream function for fluid

I. Introduction

HIS paper is devoted to the study of the natural convection

heat transfer from a single rectangular, nonisothermal fin to
the surrounding fluid. We solve the boundary-layer equations for
the fluid around the fin together with the heat conduction equation
for the solid. This basic conjugated heat transfer problem has a
bearing on the design and thermal control of a variety of devices,
although it may be very complicated by fin-to-fin interactionsin the
arrays of fins typically found in heat exchangers.

The general problem of the thermal coupling between natural
convection and heat conduction in vertical or horizontal surfaces
has been extensively treated in the literature. Recent relevant works
showing the state of the artin the analysis of these heat transfer prob-
lems include Merkin and Pop,' Vynnycky and Kimura,? and Luna
et al.> Lock and Gunn* analyzed a tapered short fin in a stagnant
fluid with a very large Prandtl number using a similarity formal-
ism. In their analysis, these authors did not have to include coupling
mechanismbecausethey assumedan isothermal fin, whichisreason-
able for short fins with high thermal conductivity. The first analysis
of the effect of a longitudinal temperature variation and the atten-
dant longitudinal heat conduction was carried out by Sparrow and
Acharya,’ whose analysis indicates that the heat transfer coefficient
is notuniform along the fin but changes with the distance to its base.
Later, Kuehn et al.% presented a similarity solution for the conjugate
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free convection heat transfer from a vertical fin of infinite length,
obtaining results for different values of Prandtl number. A similar
study using an integral formalism was made by Himasekhar’ for
a very long fin, whereas Sarma et al.® studied heat-generating fins
assuming prescribed velocity and temperature profiles. Recently,
Mobedi et al.? solved the conjugate conduction-natural convection
heat transfer problem for a rectangular fin attached to a partially
heated horizontal base for air in laminar and steady flow.

In what follows, the conjugate natural boundary-layer problem
is reformulated to obtain new solutions for nonisothermal vertical
fins. We consider the case in which the base of the fin is held at a
given temperature and identify a characteristic thermal penetration
length L* over which the temperature of an infinitely long fin would
decay to the ambient temperature of the surrounding fluid. The ratio
of L* to the actual length L of the fin is a fundamental parameter
that serves to classify the possible regimes. Other nondimensional
parameters of the problem are the Prandtl number of the fluid, a
Rayleigh number (to be defined precisely later), and the aspectratio
of the fin. Perturbation and numerical methods are used, together
with the boundary-layer approximation for the fluid flow, to ana-
lyze the transition from a thermally short fin (s =L*/L > 1) to a
thermally long fin (s < 1) and to ascertain the influence of the ther-
mal properties of the fin on the overall heat transfer rate. Finally,
the analytical solutions obtained using perturbation techniques are
compared with numerical results.

II. Orders of Magnitude

The physical problem under study is shown in Fig. 1. A vertical,
downward projecting fin of length L, thickness 2 < L, and infinite
widthisimmersedina fluid atrest far from the fin at temperature 7.
The top of the fin is held ata temperature 7y = T, + AT > T, thus,
inducing a heat flux from the fin to the fluid that cools the fin and
gives rise to an upward natural convection flow around its surface.
The present study is also valid for a vertical fin whose lower base
is kept at a temperature below that of the ambient fluid. Differences
between the two cases may appearin the interaction of the flow with
the surface to which the fin is attached, but such interaction, which
may result in complex recirculating flows around corners, will not
be discussed here.

Consider first an infinitely long fin. Because of the heat loss to
the surrounding fluid, the temperature of the fin decreases down-
ward from its top, decaying toward the ambient temperature of the
fluid in a thermal penetrationregion, whose characteristiclength L*
can be estimated from the balance of heat transfer to the fluid and
heat conduction along the fin. When it is assumed that the Rayleigh
number Ra* = pcgBAT L*3/Av>> 1, where p, c, B, A, and v are the
fluid density, specific heat, thermal expansion coefficient, thermal
conductivity,and kinematic viscosity, respectively, the flow around
the fin is confined to a natural convection boundary layer of char-
acteristic thickness 8* = (A\vL*/pcgBAT)'/*, where the character-
istic velocity of the fluid is v} = (gBATL*1/pcv)'/?. These well-
known estimates follow from the order-of-magnitude balances of
vertical convection and horizontal conduction across the boundary
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Fig. 1 Schematic diagram of the physical model.

layer (pcv AT/L* AAT/&* ) and of buoyancyand viscousforces
(8BAT =vv /6* ). The total heat lost by conduction to the fluid
per unit time ‘and unit width of the fin is of the order of L*)XAT /5%,

whereas the heat conducted along the fin is of order A, AT /L*,
where 1, is the thermal conductivity of the fin. The balance of these

two fluxes yields
L
L= h[(xw/x)%/Ra;] )

where Ra, = pcgBATh? /\v.

On the basis of this estimate of the thermal penetration length,
finite length fins can be classified as long, if L > L*, or short, if
L < L*. In the case s = L*/L < 1, the actual length of the fin is
largely irrelevant, and the overall Nusselt number measuring of the
total heat 2Q evacuated by the fin per unit width and unit time is,
from the previous estimates,

Nitions = Q/AAT = O(Ra*i-> = O[(Aw/x)%Raﬂ )

[See Eq. (15) for a formal definition.] In the opposite case, short
fins, s > 1, the longitudinaltemperature variation from the top to the
bottom of the fin, AT, ., can be estimated from the energy balance
O~ hiy, AT, /L~ LAAT/8, where § = (AvL/pcgBAT)'/*. This
balance gives

/) (L2 /h8) ~ (1/s) < 1 3)

which means that the temperature of the fin is almost uniform and
equal to its top temperature for values of s large compared with
unity. The overall Nusselt number in this regime is

AT, /AT ~

Nugon = Q/AAT = O(Ra*% /s%) )

Finally, the temperature variationacross the fin must be estimated
to ascertain the conditions of validity of the thermally thin-fin ap-
proximation, which will be used in what follows. With AT, the
characteristictemperature variation across the fin, the conditionthat
the heat flux entering the fluid should come from the solid implies
that AAT /8 ~ A, AT,/ h, or with use of the earlier estimate of &,

(AT, /AT) ~ ~ (h/L*)? 5)

for all but very short fins. Therefore, the thermally thin approxima-
tion (AT, K< AT) can be used if the thermal conductivity of the fin
satisfies A, > ARah . Within this approximation, the temperature
of the fin depends only on the distance x along the fin, and the local
energy balance for the fin reads

8 2
(/*u)7 Ray

d’T, aT
hAy——— = — 6
dx? ay ©)

where T (x, y) denotesthe temperatureof the fluid and the derivative
onthe right-handside is evaluatedin the fluid at the surface of the fin.

III. Formulation

The heat transfer problem can be studied using the nondimen-
sional variables

X Tw(x)_Too
== g, = L "= 7
X=7 w To— T @)
1

Ra}y w r T(x,y) —T.
n=—=  fon=—]7T 0=

Ly* vRa 3 07 feo
®)

where x and y are the vertical and horizontal distances defined in
Fig. 1 and ¢ is the stream function of the fluid defined in the usual
manner. In nondimensional variables, Eq. (6) becomes

d%o,, _ 1 96 ©)
dXZ X}T on y=0

I
7

N
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and the boundary conditions at the top and bottom of the fin are

B _ 0 (10)
dy o

at x =1 and 0, respectively.
The nondimensional longitudinal momentum and energy equa-
tions for the fluid in the boundary layer are

2
9° 1 11(0 3 .97
_f 4+ =—1- _f — _f_f
on? Pr|2\an 47 9n?

ﬁ_azf _ﬂaz_f (11)
X on dxdn Ay In?

o 3ty

%0 3 90  |3fa0 af a0 12)
andyx dx dn

where the Boussinesq approximation has been used. The boundary
conditions for these equations at n =0 are

0 =0, (13)
and for n — oo

—=0=0 (14)
plus conditions of regularity at the origin of the boundary layer

x =0.
The solution of problems (9-14) should determine

0, = F(x; s, Pr)

The thermal performance of the fin can be evaluated by means of a
nondimensional global heat flux (Nusselt number) defined as

1 do, dT7,
Nu = L = sRa** — where Q = hi,—
(T — Ty) dx | _, dx |,

(15)

IV. Numerical Method and Results

The problem [Eqs. (9-14)] has been solved numerically for dif-
ferent values of the parameters s and Prandtl number. Equation for
the nondimensional fin temperature is handled by means of a pseu-
dotransient procedure that amounts to rewriting Eq. (9) in the form

20,
ot

20, , 30
x> an|,

1
=57

NS

X (16)

and marching in artificial time t until a steady state is attained. The
nondimensional heat flux (96/9d7n), is obtained at each time step
in terms of the instantaneous temperature distribution of the fin by
solving the boundary-layer equations for the fluid [Eqgs. (11-14)]
with a standard finite difference method and a quasi-linearization
technique.

The boundaryconditionsin the fluid for  — oo were imposedata
finite distance 71, chosen from numerical experimentsin which 7,
is increased until its value ceases to affect the solution. (For Pr =1,
we find that n,, =9 produces an error in the solution less than
1 x 107'°) The solution of the governing equations for the case of
Pr — 0o was obtained using the boundary condition 3% /3% =0
instead of df/9n =0 at n =1ns. The mesh used for the balance
equations was 200 x 200.

Figure 2 shows the nondimensional temperature of the fin as a
functionof the nondimensionallongitudinalcoordinate x for Pr =1
anddifferentvaluesofs. The temperatureof the fin is almostuniform
for very large values of s. As the value of s decreases (increasing L),
the temperature of the lower base of the fin decreases. The thermally
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Fig. 2 Nondimensional temperature profiles obtained numerically as
functions of the nondimensional longitudinal coordinate for different
values of s and Pr=1.

1.00 e . - .
. Pr=10
0.75 s-0, Eq. (51) .
T
* N i
E 0.50{ Numerical solution \s oo i
: A.‘.
= . Eq. (38)
0.25 - i}
0.00 S _—

10° 10 10" 10° 10’ 10°

S
Fig. 3 Reduced Nusselt number, Nu/Ra*'", as a function of s for Pr =
10, numerical and asymptotic results.
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Fig. 4 Reduced Nusselt number, Nu/Ra*'"*, as a function of s for Pr =
0.72 (air), numerical and asymptotic results.

long fin regime is clearl}/ 4Valid for s <0.075. The overall reduced
Nusseltnumber, Nu/Ra* ", is given as a functionof s in Figs. 3 and
4, for Prandtl numbers of 10 and 0.72, respectively. Figures 3 and 4
include numerical and asymptotic results for short and long fins to
be discussed in the following sections; compare Eqs. (38) and (51).
They display the full transition from a thermally short to a thermally
long fin.

To clarify the influence of the fin material in the overall heat
transfer rate, we present the Nusselt number for three different ver-
tical thin metallic fins (steel, aluminum, and copper) in air with an
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Fig. 5 Nusselt number at bottom of fin as a function of inverse of aspect
ratio L/h for three different metallic materials of the fin immersed in air
at room temperature; AT =50 K and 7 = 0.01 m.

overall temperature difference of 50 K and a half-thicknessof 1 cm
in Fig. 5. The overall Nusselt number is plotted as a function of the
inverse of the aspectratio of the fin (L / 1). The thermal conductivity
of the fin material has a little influence on the overall heat transfer
rate for L/h < 10, whereas a strong influence of the metal used is
apparent for L/h Z 10. The Nusselt number is independent of the
length of the fin once saturation is reached (L ~ 10h).

V. Short Fins

An asymptotic solution of problem [Eqs. (9-14)] for large values
of s can be sought as a regular expansionin powers of s~7/4, which
is the small parameter dictated by the relationship (3). The solution
can then be written as

ew ewO 00 ew;(X)
6 1 =100 1+ == 160 (17)
f Som) =t JiGem

Carrying these expansions into the nondimensional equations (9),
(11), and (12), and the boundary conditions, and keeping terms up
to order s~7/2 for the solid and up to order s~”/* in the fluid, we
obtain the following set of equations.

For the solid,
d?6,, B (18)
dy?
for j>1,
d?0,,; 1 96;_,
W E 09
X X7 n n=0
with the boundary conditions, for j =0, 1, ...,
déo,,; (0
L@ _ (20)
dx
where, for j =1, ...,
Ouwo(1) =1 =6,;(1) =0 21
For the fluid,
2
a f 1 )1(dfy 3 d*fy
+6——3=\—) —=-fo— (=0 22
dpr 7 pr|2\dy el dn? (22)
d*9, 3 . db,
—— =L =0 23
O +4f0 O (23)
3 fi 1 (dfedfi 3,0°fi 3d°f
— +0 =+ ————fo—z———zfl
on’ Pr\ dn on 47 9n 4 dn
1 df, 9% d’f, 9
+—x ﬁ_fl __foi (24)
Pr”| dn dxdn  dn? 9y

9%0 3 06 3 do df, 00 do, 9
_21+_f0_1+__0fl:X ﬁ_l__oi (25)
on 47" 9n 4 dn dn dy dn oy
etc., with the boundary conditions,at n =0, for j =0, 1, ...,
of;
f:f__J:07 00:01007 el:0wl7~~~ (26)
an
and forn — oo, for j=0,1, ...,
9
Wi _g —g 27)
an ’

The solution of Eq. (18) with the boundary conditions (20) and (21)
is 6,0 = 1. When this result is used, the leading-order problem for
the fluid coincides with the classical problem of a boundary layer
on a uniform temperature surface, whose solution can be found
elsewhere.' In particular, the nondimensional temperature gradient
at the wall is given by'?

de,
dn

1
2Pr !
= ~Go(Pr) ~ —3 ] (28)
1=0 5(1+2pPr= +2Pr)

Thus, we can obtain the temperature gradient at the surface of the
fin needed to evaluate the right-handside of Eq. (19) for j = 1. This
equation can be integrated twice to yield

16
b= Y ax" =—EGO<Pr>(1—x%) (29)
n:O.%

Here ay= —a;,,=—16G,(Pr)/21. The solutions to the linear
Eqgs. (24) and (25) are of the form

filx.m) = Z an X" &n(n, Pr)

—0l
n=07

B = Y, a,x"g.(1. Pr) (30)

—0.1
n=07

where ¢, and g, are the solutions of the linear ordinary differential
equations,

d3gn 1 dfO dgn 3 dsz 3 dzgn
— tot—y———+ &+t~ fo—5 (1
dn? ¢ Pr{ dn dp 48 dn? 4f0 dn? G
dfo dg, d?
—n ﬁi_gn_fo =0 (32)
dn dn dn?
&g, n 3f dy, n 3 do, . dfo ~do —0 33
dp> 47" dn 48 dn dn On = 8 dp |
with the boundary conditions
dg. dg,
n=——=¢,— 1 =0, — =¢, =0 34
&= = a Y (34)

at n =0 and for n — o0, respectively.

Figure 6 shows G((Pr) and G, (n, Pr) = —dg,/dn|,-, forn=0
and %, as functions of the Prandtl number. Using the invari-
ance properties of the boundary-layer equations, we obtain that
G, (0, Pr)=5/4Gy(Pr). Therefore, the first-order temperature gra-

dient at the fluid is given by

00, 20 16 7 z
— = —G2(Pr) — —Gy(Pr)G,| =, Pr | x7 35
ol _, 2l o(Pr) 1 o(Pr) 1(4 )X (35)
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Fig. 6 Nondimensional temperature gradients Gy(Pr), G1(0, Pr), and
G1(7/4, Pr) as functions of the Prandtl number for a thermally short fin.
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Fig. 7 Fin efficiency as a function of the inverse of aspect ratio L/h
for two different metallic materials of the fin immersed in air at room
temperature.

Using the same procedure for 6,,,, we obtain

0,0 = (16/21)G0(Pr)[(20/21)G0(Pr)(1 - X%)

—(4/35)G,((7/4), Pr)(1 — X%)] (36)

In summary, the nondimensionaltemperatureof the plate for large
values of the parameter s can be written as

6, = 1 —(16/2157)Go(Pr) (1 — x7) + (16 /2157 ) Gy (Pr)
x [(20/21)G0(Pr)(1 —x7)

—(4/35)G,(7/4, Pr)(1 —x%)] +0(s7%) (37)

The reduced Nusselt number defined in Eq. (15) is then

L s ,
Nu/Ra“ = (4/3)[G0(Pr)/s?]{ 1= (20/2D)[Go(Pr) [57]

+(8/35)[G(7/4, Pr)/s%]} +0(s7%) (38)

where the leading term is the overall Nusselt number for an isother-
mal fin. The thermal properties of the material, entering through the
definition of L*, play no role in the heat transfer at this leading order
because Ra* "' /s34 = RatlL/4 is independentof L*. The two-term ap-
proximation (38) turns out to give very good results even for values
of s of order unity.

The thermal efficiency of a fin is often defined in the literature
as the ratio of the heat transfer rate of the actual fin to the heat

150

100 -

50

fin effectiveness

1 1 100 1000
L/h

Fig. 8 Fin effectiveness as a function of the inverse of aspect ratio L/h
for two different metallic materials of the fin immersed in air at room
temperature.

transferrate that would be obtainedif the temperature of the fin were
uniform.Figure 7 shows the thermalefficiency of the fin as a function
of L/h for fins of steel and copper. As can be seen, the thermal
efficiency decreases as the overall heat flux increases, which makes
the definition of doubtful usefulness. Perhaps a better measure of
the fin performance could be given by the ratio of the actual heat
transfer rate to the heat transfer rate that would be obtained in the
absence of any fin. When it is assumed that the fin is attached to
a circular tube of diameter D, the heat flux at the wall of the tube
can be written as'' Nu= C(Pr)(h/D)' 3" Ra}’, where C =0.402
for Pr=0.72 and m = f. For a tube diameter of D =15 cm, Fig. 8
shows the thermal fin performances as a function of L/ & for two
differentfin materials. A slightly differentdefinition of the efficiency
kindly suggested by a reviewer is loss from the fin minus loss from
the wall divided by loss from the wall.

VI. Long Fins

To analyze the asymptotic limit of long fins (s < 1), it is conve-
nient to rewrite the problem in terms of the variables

o =(L—x)/L*, z=(y/L"Ra"*

1
U= (L*Pr/vRa“)u,

Here, o is the nondimensional distance measured downward from
the top of the fin and u is the vertical velocity of the fluid, measured
positive downward. The nondimensional governing equations are

V= (L*Pr/vRa*zl{)v (39)

oU oV
—+==0 (40)
do 0z
PU L (U0 “n
072 ~ Pr do 0z

30 30 9%
U—m 4+ Ve = — 42
do dz  0z2 (42)

do? 00
to be solved with the boundary conditions, at z =0,
U=V=0-06,=0 (44)
for z — oo,
U=6=0 (45)
where
0, =1, 0, =0 (46)

at 0 =0 and for 0 — o0, respectively.
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Fig. 9 Nondimensional temperature gradient Gy (Pr) as a function of
Prandtl number for a thermally long fin and asymptotic values for large
and small values of the Prandtl numbers.

This problem has a self-similar solution of the form

2

20, (o)

SN

] .
77 2 dh G
U=-—6l()—. &=

0 = 0,(0)9©), ,
G %

B
=

(47)

where 6, =(1+ 600/7)’7. Here the constant G, represents
the no%limensional heat flux, or reduced Nusselt number
Nu/Ra*" = —db, /do |y, whichis to be determinedas partof the so-
lution. The functions ¢ (§) and k(&) satisfy the ordinary differential
equations

Ph_ o L]Eh_ (@) 5
dg? *= 5 dg2 dg (48)
Eo_[,d¢ o dn
& [h a 7¢ds} “
with the conditions
h(O)—% —¢(0)—1—% =¢(0)=0 (50)
o EZO_ =% Eﬂo_ =

The solution of Egs. (48-50), which do not contain éo,
determines d¢/d&|s -, as a function of the Prandtl number.
Then 36/9z].— = (65" G}/* /7'/*) dp /dE |, _o, and carrying this re-
sult into (43), we obtain

) (51)
£=0

<l
IS

Nu ~ 7
T :GO(PF) :_i
Ra*? 87

_9
dg

This éo(fr) is plotted in Fig. 9. For very large values of the Prandtl
number Gy(00) =0.7412.. ., whereas for very small Prandtl num-

bers Go(Pr — 0) ~0.979Pr'/7.

VII. Conclusions

An analytical and numerical study has been carried out of the con-
jugated heat transferin a vertical thermally thin fin with a prescribed
temperature at its top. For large values of the Rayleigh number, the
problem is shown to depend on two nondimensional parameters:
s = L*/L and Prandtl number Pr. The limiting regimes of thermally
long and thermally short fins are defined and analyzedusing asymp-
totic techniques. For large values of s (thermally shortfins), the total
heat flux depends only weakly on the thermal properties of the fin
material, as given by the first term in Eq. (38). The leading-order
behavioris in factindependentof the thermal conductivityof the fin.
A two-term asymptotic solution is derived for the limit of s — oo.
On the other hand, the problem has a self-similar closed-form solu-
tion for small values of s (thermally long fins), yielding an overall
Nusselt number strongly dependent on the thermal conductivity of
the fin material and the thickness of the fin. The transition from short
fins (low heat transfer rates) to long fins (large heat transfer rates)
has been studied using numerical techniques.
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